The algebraic structure of divisible abelian semigroups has been studied in [9] and [l]. Some results on the topological and algebraic structure of compact uniquely divisible abelian semigroups have been obtained in [4] and [5].
Preliminary results.
Notation.
Throughout this paper N denotes the set of all positive integers, R denotes the set of all positive rational numbers, and R~d enotes the additive semigroup of all nonnegative real numbers.
Definition.
An element x in a semigroup S is said to be Lemma 1.1. Let S be a compact divisible abelian semigroup. For each nEN, let Sn = Sanddefine V2: Sm-^Sn by T%(z) =zm'-i^/or m>n. Then S* = Proj. Lim (Sn, T%, N) is a compact uniquely divisible abelian semigroup. Moreover, if S is uniquely divisible, then S* is iseomorphic (topologically isomorphic) to S.
Proof. Since 5 is divisible and abelian, each bonding map T^ is an onto homomorphism.
It follows that S* is a compact abelian semigroup. Then there exists pEN such that rap>i. Now a™" = &™p. Hence
and thus a = b. It follows that S* is uniquely divisible.
The first projection ir and indeed every projection of S* to S is onto. If S is uniquely divisible, then ir is a one-to-one continuous homomorphism of S* onto S, and thus, since S* is compact and S is Hausdorff, t is an iseomorphism.
Notation. If S is a compact divisible abelian semigroup, then S* denotes the projective limit of the system in Lemma 1.1 and ir denotes the first projection of S* onto S.
Definition. A uniquely divisible semigroup S is said to be unithetic if there exists xES such that S is the closure of the set of all positive rational powers of x. The element x is called a (unithetic) generator of S.
A divisible abelian semigroup S is said to be subunithetic if S* is unithetic.
If x is a unithetic generator of S*, then ir(x) is called a isubunithetic)
generator of S. Theorem 1.2. Let S be a compact [uniquely] divisible abelian semigroup and xES. Then there exists QES such that Q is minimal with respect to being a compact divisible subsemigroup of S containing x. Moreover, Q is [unithetic] subunithetic and generated by x.
2. Subunithetic semigroups. Proof.
Suppose S is subunithetic. Then S* is unithetic and ir: S*-^>S is a continuous onto homomorphism.
Suppose Q is a compact unithetic semigroup and /: Q->S is a continuous onto homomorphism.
Then, by Lemma 1.1, Q* is isomorphic to Q. Define /*: Q*^S* by /*((xi, x2,
Then /* is a continuous homomorphism of Q* onto S*. Let x be a unithetic generator of Q*. Then S* is uniquely divisible and S* = !/*(*)]• Hence S* is unithetic and thus S is subunithetic.
It has been brought to the attention of the author by the referee that the class of compact subunithetic semigroups consists of those compact (submonogenic) semigroups which contain dense algebraic homomorphic images of the nonnegative additive rational numbers (see [6] ). Theorem 2.2. Let Sbea compact subunithetic semigroup which is not a group. Then S is an abelian clan containing exactly two idempotents. The kernel (minimal ideal) K 0/ S and the maximal subgroup H(l) containing the identity (1) 0/ S are subunithetic groups. There is a continuous homomorphism xp 0/ R~ into S such that S = H(l)(\f/(R~))( closure in S). Moreover, S/K is subunithetic and is either the U-cone or the C-cone over H(l).
Proof. The first three conclusions follow from [4, Theorem 3.1] and Theorem 2.1, where \p = wa. They can also be established by using the results and methods in [8] or [6] . The last result is a consequence of [4, Theorem 3.4], Theorem 2.1, and the fact that the only subunithetic semigroups on [0, 1 ] are the {/-semigroup and C-semigroup (see [2] ).
Definition. A semigroup 5 is solenoidal if 5 contains a dense continuous homomorphic image of R~ (see [7] ).
A group G is solenoidal if G contains a dense continuous homomorphic image of the additive real numbers (see [3] ). Theorem 2.6. Let S be a compact first countable subunithetic semigroup and G a compact finite dimensional subunithetic group. Then GXS is subunithetic.
Proof. Let Q = GXS. Now S* is first countable and unithetic, and G* is finite dimensional and unithetic. Hence, by [4, Theorem 4.2], G*XS* is unithetic.
Since Q* is iseomorphic to G*XS*, Q* is unithetic. Hence Q is subunithetic.
As in the case for unithetic semigroups, the question as to whether one or both of the conditions that S be first countable and G he finite dimensional can be removed in Theorem 2.6 is open.
The semigroup A'x).
Let S be a semigroup and x a divisible element of S.
Define A'x) = {yGS: ym = xnsome m, nEN}~ (closure in S). Definition. An abelian semigroup S such that S = EiS) is called a semilattice. Proof.
If each element of S\EiS) lies on a [/-semigroup or a C-semigroup in S, then it is immediate that S is divisible.
Suppose S is divisible and xGS\£(S). Then, by Theorem 1.2, x lies on a subunithetic subsemigroup Q of S. It follows from Theorem 2.2 and the fact that the subgroups of Q are degenerate that Q is either a [/-semigroup or a C-semigroup.
